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A B S T R A C T
A novel porous-solid interface model is put forward to analyse the distribution of heat generated by exothermic
catalytic reactions on the inner walls of a porous microreactor. This builds upon a recent theoretical develop-
ment on the local thermal non-equilibrium interface modelling and further advances that to include thermal
radiation. The model is then utilised by an analytical investigation of transport phenomena in a parallel-plates,
porous microreactor. Two-dimensional, closed form solutions are developed for the velocity, temperature and
concentration fields and analytical expressions are derived for Nusselt and Sherwood number as well as local and
total entropy generation. The results show that exothermic catalytic activities can significantly affect the
transport processes in microreactor by modifying the values of Nusselt and Sherwood number. This can be highly
intensified by an imbalance in the catalytic activities of microreactor surfaces. It is further shown that inter-
actions of the surface heat release with thermal radiation and heat losses through the walls introduce a wealth of
Nusselt and Sherwood number behaviours, which considerably differ from those of non-catalytic systems. These
clearly demonstrate the importance of including surface heat release in non-equilibrium analyses of the catalytic
porous microreactors in which catalysts are placed on the walls.
1. Introduction
Micro-reaction technology offers a promising means of production
of decentralised renewable fuels [1,2]. A wide variety of biological
feedstocks in the form of liquid and slurry could be reformed and
converted to a range of gaseous and liquid fuels through using micro-
reactors [3–5]. Exothermic catalytic reactions are central to micro fuel-
processing and often dominate the performance and cost of micro-
reactors [6,7]. Such reactions are heavily influenced by the transport of
heat and mass and therefore a precise prediction of transport processes
is essential for the design and optimisation of micro fuel processors
[1,2]. This, in turn, calls for modelling of heat release on the surface of
catalyst, which in microreactors can take place on the internal surface
of a microchannel [8,9]. Further, insertion of porous materials in mi-
crochannels is a common method of enhancing heat transfer in mi-
croreactors accommodating highly exothermic reactions [10–13].
Hence, the analysis of transport phenomena in such porous catalytic
microreactors includes heat release on the internal surface of a micro-
channel filled by a porous medium. This introduces a very rich and
challenging modelling problem, which has just started to be explored
[14].
Most recently, magnetic fields have been applied to fuel reformers
[15,16] with a special emphasis on the magnetic micro-processing of
various biofuels for diesel engine applications [17]. Further, it has been
recently shown that application of a magnetic field to porous catalytic
beds can significantly improve the selectivity of hydrogeneration of CO2
in methanol production [18,19]. A common feature of reforming and
hydrogenation reactions is their temperature sensitivity. This adds a
new dimension to the problem of modelling of transfer processes as an
imposed magnetic field can affect those through its influences on the
fluid flow in microreactor [20]. More importantly, it is now well de-
monstrated that accurate modelling of transport in catalytic porous
microchannels with internal heat generations is subject to consideration
of several effects. These include local thermal non-equilibrium (LTNE)
[21,22] and thermal radiation in the porous medium [23] and, thermal
diffusion of mass in the fluid phase [24,25].
Conventionally, catalytic porous microreactors are modelled nu-
merically or analytically by assuming local thermal equilibrium (LTE),
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see for example Refs. [26,27]. This modelling approach ignores the
local temperature differences between the solid and fluid phases in the
porous medium and treats the medium as a homogenous mixture of
solid and fluid phases [28]. Catalytic heat release is then modelled as a
simple surface heat release in a channel filled with an effective fluid. A
great mathematical convenience is therefore offered with the cost of
jeopardizing the accuracy of calculations under certain conditions. Over
the last a few years, a number of studies have shown that porous
channels and microchannels featuring internal heat release can sig-
nificantly deviate from LTE, e.g. [21,22,25]. Hence, implementation of
LTNE is a necessity in the analysis of transport phenomena in micro-
reactors with exothermic catalytic reactions. Two energy equations
coupled with the internal heat exchanges between the solid and fluid
phases of the porous medium are employed in LTNE approach [28].
This requires utilisation of the so-called ‘porous-solid interface model’,
which describes the distribution of a surface heat flux between the solid
Nomenclature
asf Interfacial area per unit volume of porous media (m−1)
Bo Magnetic field intensity (kg/A·s2)
Bi Biot Number
Br Brinkman Number (Modified)
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k* Absorption coefficient (m−1)
L Length of the microchannel (m)
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Nu Nusselt Number
p Pressure (Pa)
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Pr Prandtl Number
Q Wall heat flux ratio
qc1 Total heat flux generated by the lower wall catalyst (W/
m2)
qc2 Total heat flux generated by the upper wall catalyst (W/
m2)
qw1 Lower wall heat flux (W/m2)
qw2 Upper wall heat flux (W/m2)
q1 Lower channel porous media heat flux (W/m2)
q2 Upper channel porous media heat flux (W/m2)
Re Reynolds Number
R Specific gas Constant (J/K·kg)
S Shape factor of the porous medium
Sf Volumetric Source term (W/m3)
SDI Volumetric entropy generation due to mass diffusion (W/
K·m3)
SFF Volumetric entropy generation due to fluid friction (W/
K·m3)
Sf Volumetric entropy generation in the fluid (W/K·m3)
Ss Volumetric entropy generation in the porous solid (W/
K·m3)
Sr Soret Number
T Temperature (K)
u Fluid velocity (m/s)
U Dimensionless fluid velocity (m/s)
u
¯ Average fluid velocity (m/s)
U
¯
Dimensionless average fluid velocity (m/s)
x Axial coordinate
X Dimensionless axial coordinate
y Transverse coordinate
Y Dimensionless transverse coordinate
Greek Symbols
µ Dynamic viscosity (kg/m·s)
Permeability (m2)
Density (kg/m3)
Dimensionless temperature
Dimensionless concentration
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Porosity of the porous medium
Magnetic Angle (Radians)
Dimensionless heat flux
f Dimensionless volumetric source term
Irreversibility distribution ratio
Casson fluid parameter
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* Stefan-Boltzmann constant (W/m2·K4)
Subscripts
s Porous Solid
f Casson Fluid
1 Lower
2 Upper
w Wall
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and fluid phases of the porous medium on its interfaces with a solid wall
[29].
Although in general LTNE is a well-developed technique, a major
difficulty arises when the interface between a solid wall and a porous
medium involves heat release by surface reactions. This is because the
produced heat on the interface can take three different routes including
the solid wall of the microreactor as well as the solid and fluid phases of
the porous medium. However, currently all established porous-solid
interface models ignore heat conduction in the solid wall by assuming
the wall thickness to be negligibly small [28,30,31]. Yet, such as-
sumption is highly dubious in microreactors as there exist significant
evidence about the influences of wall thickness on the thermal perfor-
mance of microreactors and microchannels [6,32]. Most recently, this
issue was resolved theoretically by Hunt et al. [14] through extending
an existing porous-solid interface model to include the wall effects.
These authors showed that their extended interface model could be
successfully implemented in the thermal analysis of catalytic micro-
reactors with exothermic surface reactions [14]. It should be empha-
sised that porous-solid interface models are central to all theoretical
and numerical LTNE analyses of porous channels and microchannels,
see for example [33–35]. Hence, advancement in interface modelling is
key to improving the analysis of transport phenomena in a wide range
of applications.
Although the mathematical validity of the interface model of Hunt
et al. [14] was rigorously demonstrated, the influences of added com-
plexities remain to be further explored. Since the chemistry of exo-
thermic catalytic reactions is often heavily temperature dependent, an
accurate modelling of heat transport processes around the catalyst is of
paramount importance. In a magnetic biofuel micro-reformer, this
requires a rather complex multiphysics analysis that considers the
magnetohydrodynamics (MHD) and all thermal effects. Despite its
practical relevance, to the best of authors’ knowledge, so far, little at-
tention has been paid to this problem. Therefore, the aim of the current
work is to put forward a robust analytical methodology for such ana-
lysis with an emphasis on the theoretical modelling of catalytic heat
release on a porous-solid interface. This builds upon the recent theo-
retical developments by Hunt et al. [14] and extends that to include
thermal radiation as well as non-Newtonian fluid and magnetic effects.
A two-dimensional heat and mass transfer analysis complimented by
that of entropy generation is also reported to further investigate the
effects of pertinent physicochemical processes.
2. Theoretical methods
2.1. Problem configuration and assumptions
Fig. 1 shows a schematic view of the investigated parallel-plate
catalytic porous microreactor. This includes a thick-wall microchannel
fully-filled by a porous material. The outer most surfaces of the mi-
crochannel is subject to constant but unequal heat fluxes and the cat-
alyst is placed on the inner surfaces of the walls. This configuration is
the essential building block of real microreactors consisting of a bundle
of microchannels [6]. A uniform flow of an electrically conductive
Casson fluid enters the system from the left-hand side (see Fig. 1).
Casson fluid has been chosen as a fair representation of the non-New-
tonian characteristics of the biofuels in magnetic fuel reforming [17]. In
general, Casson fluid rheology is described by [36,37]
Fig. 1. Isometric (a) and schematic side view (b) of the porous microchannel under investigation.
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In Eq. (1), ij is the (i, j)-th component of the stress tensor, = e eij ij ij
and eij are the (i, j)-th component of the deformation rate. The para-
meter is the product of the component of deformation rate with itself,
c represents a critical value of this product based on the non-New-
tonian model. Further, µb and py denote the plastic dynamic viscosity
and the yield stress of the considered fluid. The kinematic viscosity
suitable for Casson fluid is often given by = +(1 )f µb [36].
It is emphasised that the non-Newtonian Casson fluid is not a central
element of the proceeding analyses and has been considered solely for
representation of biofuel flows. The following assumptions are further
made in the rest of this work.
• The parallel-plate catalytic microreactor is axisymmetric geome-
trically but asymmetric to catalytic heat release. It is also subject to
uneven wall heat fluxes and a uniform magnetic field, which can
change with an adjustable angle with respect to the axis of the mi-
croreactor.• The flow of Casson fluid is steady and fully developed.• The porous medium is homogenous and under LTNE condition.• A zeroth order, temperature independent, exothermic surface reac-
tion occurs on the catalyst coated of the internal surfaces of the top
and bottom plates, examples of such configuration can be found in
Refs. [38–40].• The thermal diffusion of mass through Soret effect is considered.• Gravitational effects are ignored but thermal radiation throughout
the porous medium is considered.• Axial heat transfer in the solid walls of the microreactor are ignored
[6].
A question may arise about the practicality of an asymmetric mi-
croreactor in the real world. In response, it is noted that although the
use of two different catalytic layers in one microchannel is unlikely, the
magnetic field can render one catalytic layer more active [41]. This is
particularly the case when the magnetic field makes an arbitrary or-
ientation with the plane of the flow and thus can make the flow inside
the microchannel three-dimensional. Such complex fluid mechanics are
not modelled here. Nevertheless, the net effect on the catalyst will be
enhancement or suppression of the catalytic activity and hence altering
the heat release. Another reason could be unequal poisoning of the
catalytic surfaces, which makes their activities different.
2.2. Governing equations and boundary conditions
Transport of momentum in the porous microchannel in the presence
of MHD and non-Newtonian effects are described by [20,42,43]
+ + +
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In Eq. (2), the first three terms on the left-hand side are those of
classical Darcy-Brinkman model with viscosity modifications for the
considered Casson fluid [42,43] and the last term represents the MHD
induced force [20]. The transport of thermal energy in the walls as well
as in the fluid and solid phases of the porous section of the microreactor
are given by the following set of equations. It is emphasised that the
transport equations in the porous microchannel are two-dimensional
and include the axial variation of temperature in addition to its trans-
versal changes [23,44].
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The thermal radiation term in Eq. (3c) is given by the following
expression [45,46]
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Rosseland approximation [23,47] is then used to further simplify
Eq. (4) and convert it to the following relation.
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The boundary conditions associated with Eqs. (3a-d) are respec-
tively expressed by the following set of relations.
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It is important to note that Eq. (6c) is the modified version of the
porous-solid interface model recently developed by Hunt et al. [14].
The interface model of Hunt considers diffusion of the heat of catalytic
reactions into the solid wall and porous solid [14]. Yet, it ignores the
thermal radiation from the porous solid. Equation (6c) advances this
model by adding the thermal radiation to the diffusion term of the
porous solid phase.
The two-dimensional transport of species within the fluid phase is
expressed by the following two-dimensional advective-diffusive model,
in which the Soret effect is also included [44,48,49]
= <u C
x
D C
y
D
T
y
h y hT
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2
2
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Given the zeroth order catalytic reaction on the internal surface of
the walls and the asymmetricity of the problem, the boundary condi-
tions of Eq. (7) are expressed by the followings [44].= = =x y h C C0, ,1 0 (8a)
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2.3. Non-dimensionalising and analytical solution
The governing equations and boundary conditions reported in Eqs.
(2)–(8) are then non-dimensionalised. Since the current problem in-
cludes several physicochemical processes, a relatively large number of
dimensionless parameters are needed to non-dimensionalise the equa-
tions. These dimensionless parameters are listed in Table 1.
Using the introduced dimensionless parameters, the momentum
equation and its boundary conditions reduce to the followings
+ + + +
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(9)= =U Y U Y( ) ( ) 0.1 1 (10a,b)
Analytical solution of Eq. (9) with incorporation of boundary con-
ditions (10) results in the following velocity profile across the micro-
channel.
= + +( )U Y DaDaM SYSY( ) 1 sin ( ) 1 cosh( )cosh( ) .d1 2 1 (11)
The average flow velocity takes the form of
= + +( )U DaDaM SYSY1 sin ( ) 1 tanh( ) ,d
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and the velocity ratios can be written as
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The fully developed condition of the flow results in the following
relations [33,34]
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and thus, the temperature field can be decomposed into an axial and
a transversal component as described in the following expression
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Considering the thermal boundary condition given by Eq. (6) and
integration of the energy equation for the fluid phase reveals
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in which the average fluid temperature is defined as
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Equations (17) and (18) can be now used to produce the di-
mensionless form of the energy equations (Eq. 3a-3d), which read
= <k Y Y0 1e2 2 1 (19a)
+ + + += <k Bi D SY D SY D Y Y Y[ ] cosh(2 ) cosh( )0 1f s f 2 3 4 1
(19b)
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The analytical solutions of Eqs. (19a) and (19d) are straightforward.
However, Eqs. (19b) and (19c) need to be decoupled before closed-form
solutions can be sought for them. Through conducting an algebraic
manipulation explained in the literature [21,22,34], these equations are
converted to two fourth-order, decoupled ordinary differential equa-
tions that can be readily solved analytically.+ + =Q Q SY Q SY Qcosh(2 ) cosh( ) 0f f1 2 3 4 (20a)
Table 1
Dimensionless Parameters.
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The dimensionless thermal boundary conditions are expressed by
the followings
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Considering the dimensionless boundary conditions, the closed-
form solutions of the transversal temperature distribution are expressed
by the followings where the constants E1 to E14 are given in Appendix A.= + <Y E E Y Y Y( ) 12 1 2 1 (22a)
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Further, the axial gradient of the temperature can be evaluated as
follows
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Recalling the decomposition of the temperature field into axial and
transversal components (Eq. 15), the dimensionless temperature fields
in the solid and fluid phases of the system can be expressed by the
following equations.= + + <X Y E E Y X Y Y( , ) 12 1 2 1 (25a)
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Similar to the temperature field, the concentration field can be
broken into axial and transversal components [21]. That is:= +C x y C y C x( , ) ( ) ( ). (26)
Following the arguments made in Ref. [38], the axial distribution of
concentration reduces to
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which in dimensionless form, is expressed by
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Thus, the mass transfer equation is converted to the following di-
mensional and dimensionless forms
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with the following dimensionless boundary conditions
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Analytical solution of Eq. (31) yields an expression in the form of= + + + + +Y F SY F SY F Y F Y F Y F( ) cosh(2 ) cosh( ) cosh( ) ,1 2 3 4 2 5 6
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and incorporating the axial part of the solution renders the full
analytical solution for the concentration field, while the constants F1 to
F6 are provided by Appendix A.= + + + + ++X Y F SY F SY F Y F Y F Y FDnX
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1 (34)
The analytical solutions provided in this section are all in closed
form and do not involve any iterative numerical method. To derive the
particular solutions of the governing equations, Wolfram Mathematica
was used.
2.4. Nusselt and Sherwood number
The convection coefficient for the lower and upper walls of the
microchannel is defined by the following relations [50].
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Accordingly, the Nusselt number on the internal surface of the top
and bottom walls is given by:
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Using the dimensionless parameters, Eq. (36a) and (36b) can be
manipulated to yield:
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in which the dimensionless form of the average temperature is de-
fined as
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Further, the mass transfer convection coefficient for the current
problem can be expressed by [50]
=H k
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,m r
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and the Sherwood number takes the form of
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where the average concentration is given by the following relation.
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Thus, the Sherwood number can be also expressed by the following
relations
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2.5. Local and total entropy generation rates
The thermodynamic irreversibilities encountered in the current
problem include those due to heat conduction in the solid walls, heat
transfer in the solid and fluid phases of the porous medium, fluid fric-
tion and mass transfer. These can be represented by the following ex-
pressions [51–53]
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Non-dimensionalisation of Eqs. (44a-44f) and separation of different
sources of irreversibility results in the following expressions (see the
nomenclature for definition of each term). These provide a two-di-
mensional mathematical model of local entropy generation (per unit
volume) throughout the microreactor by different sources of irreversi-
bility.
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= + +N k X Y( 1)w e1 1 21 2 2 1 2 1 2 (45f)
= + +N k X Y( 1)f ht f f f, 2 2 2
2 2
(45g)
= + +N X Y( 1)s ht s s s, 2 2 2 2 2 (45h)
= + +N Bi ( )( 1)( 1)int s fs f2 2 (45i)
= +N BrM sin D SY SYM( ) [cosh( ) cosh( )]( 1) ,mg d f4 12 1 2 (45j)
where dimensional and non-dimensional entropies in Eqs. (44) and (45)
have been defined in the nomenclature. Finally, adding all entropy
generation sources given by Eqs. (45a) to (45f) and integrating over the
entire volume of the microreactor reveals the total entropy generation
or the total irreversibility of the system.= + + + + +N N N N N N Npm f ht s ht int mg FF DI, , (46)
= =N N dXdY i w s f FF DI w, , , , , ,Tot i11 0 1 1 2 (47)
It is noted that the formulation of irreversibility in this section ex-
cludes the irreversibility of the chemical reaction. Although, in general,
chemical reactions can be highly irreversible, the extent of their irre-
versibility is reaction dependent and thus it has been excluded here.
Hence, the calculated total irreversibility can be regarded as a transport
irreversibility.
3. Results and discussions
Table 2 shows the basic numerical values of the dimensionless
parameters used in this section. Any variation to these values has been
specified on the figures or in their captions. In selecting these values, an
attempt was made to provide a ground for comparison through using
the values already considered in the literature [10,11,14,54] for simpler
configurations.
3.1. Validation
Two different and independent approaches are taken to validate the
analytical solutions developed in Section 2. First, the predicted tem-
perature fields and Nusselt numbers in the absence of thermal
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radiation, magnetic effects and in the limit of high Casson fluid para-
meter are compared with those reported in Ref. [14]. As depicted by
Fig. 2 this reveals an excellent agreement. Second, Appendix B shows
that the analytical solution derived in Section 2.3 can be systematically
reduced to that of Ting et al. [11] for a porous microchannel. Given
these, the current analytical work is deemed valid.
3.2. Heat and mass transfer
Equation 11 provides an analytical solution for the flow velocity. In
keeping with the findings of other authors [42,43], the solution of this
equation shows that fluid velocity decreases by intensification of
magnetic and non-Newtonian effects. Nonetheless, for conciseness
reasons, the flow velocity profiles are not reported here. It is worth
noting that changes in the rheological characteristics of the fluid can
alter magnitude of the flow velocity. However, as long as diffusivity of
Table 2
The default values of parameters.
Dimensionless
Parameter
Default
Value
Dimensionless
Parameter
Default
Value
Bi 1 Q 0.75
Br 0.01 Qw1 0.5
Da 0.1 Qw2 0.2
Dn 1 0.001
Pe 10 0.01
Pr 5 Y1 0.8
R 150 0.05
Sr 0.7 Rd 0
0.95 2
k 0.05 M 1
ke1 0.5 Md 25
ke2 0.2 0.5
Fig. 2. Comparison of the current analysis (left column) against Hunt et al. [12] (right column). a) and b) the fluid phase temperature contours, c) and d) the solid
phase temperature contours, and e) and f) the lower and upper wall Nusselt number, respectively.
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the fluid is not significantly changed, the general advective-diffusive
features of the system discussed in this section remain mostly un-
changed. Figs. 3 and 4 show the contours of temperature in the fluid
and solid phases of the microreactor. The general advective-diffusive
nature of transport of heat is well reflected by these figures in which
dimensionless temperature increases axially while there is strong
transversal temperature gradient. This is similar to the earlier tem-
perature predictions of Ting et al. [10,11] in non-reactive porous mi-
crochannels. However, the current results also present an asymmetry of
the temperature field, which originates from the asymmetry of the
surface heat releases. Evidently, such asymmetry is quite strong in the
solid phase of the porous medium and is less noticeable in the fluid
phase. This is primarily due to the much higher thermal conductivity of
the solid phase ( =k 0.05), making this phase very responsive to im-
balance in the surface heat release. Further, Figs. 3 and 4 indicate that,
for all investigated cases, there are significant differences between the
fluid and solid phase temperatures. This difference clearly demonstrates
the necessity of employing LTNE approach in the current analysis
Fig. 3 also shows the influences of magnetic field upon the tem-
perature distributions. According to this figure, intensification of the
Fig. 3. Temperature contours with varying values of magnetic field intensity, Md – a), c) and e) fluid temperature contours with Md of 0, 25 and 50, respectively. b),
d) and f) temperature contours of the solid phase with Md of, 0, 25 and 50, respectively.
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magnetic field results in increasing the dimensionless temperature at
the outlet of the microchannel. This trend can be consistently observed
in both fluid and solid phases. It will be later shown that increasing the
intensity of the magnetic field results in enhancement of convective
heat transfer coefficient. It is well-known that in forced convection,
increases in the loss of momentum boosts the rate of heat transfer [50].
It is therefore reasonable to anticipate an enhancement in the transfer
of heat to the fluid and thus a wider range of transversal temperature
changes at higher magnetic intensities. As the temperatures of the solid
and fluid phases in the porous medium are coupled through internal
heat exchanges, an increase in the fluid temperature also elevates the
solid temperature. This can be readily seen in the dimensionless
temperature of the solid phase in Fig. 3. This figure also shows that by
increasing the magnetic field the general shape of the temperature
contours changes and it becomes flatter. This is because of the influ-
ences of magnetic field (through Lorentz force) upon the fluid velocity
[20,42], which slows it down and makes the profile flatter and renders
the same effect on the temperature fields.
The effects of thermal radiation on the temperature fields are de-
picted by Fig. 4. This figure shows that increasing the thermal radiation
parameter from zero to two imparts only slight effects on the tem-
perature contours. This may sound counter intuitive. However, it will
be later shown that in the current asymmetric problem, thermal ra-
diation has opposing effects on the top and bottom surfaces of the
Fig. 4. Temperature contours for varying values of radiation parameter, Rd – a), c) and e) temperature contours of fluid phase with Rd of 0, 1, and 2, respectively. b),
d) and f) temperature contours of the solid phase with Rd of 0, 1, and 2, respectively.
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microchannel. These two largely cancel each other and thus minimise
the effects of thermal radiation on the temperature fields. Despite this, a
small decrease in the extent of axial temperature variation along the
microchannel is evident in Fig. 4.
Fig. 5 shows the variation of Nusselt number as a function of the
dimensionless microchannel height (Y1). This figure shows that, in
general, increases in the dimensionless microchannel height, or making
the microchannel wall thinner, results in a significant increase in
Nusselt number. This is to be expected as the thickness of the micro-
channel wall introduces a thermal resistance and reduces the rate of
heat transfer [14,23,44]. Fig. 5a and b indicate that increases in the
intensity of the magnetic field enhances the value of Nusselt number on
both top and bottom walls. The physical reason for this increase was
already explained. Yet, Figs. 5a and b indicate that the extent of heat
transfer enhancement by the magnetic field is dependent upon the wall
thickness. At low values of Y1 (indicating thick walls of the micro-
reactor), changes in the intensity of magnetic field imparts hardly any
effect on the Nusselt number. Nonetheless, as the height and thickness
of the microchannel approach each other the enhancement of heat
transfer coefficient with the magnetic field becomes more noticeable. In
the limit of thick walls, the heat transfer in the system is dominated by
conduction in the walls. Since magnetic field has no influence on the
conduction across the walls, thick wall microreactor becomes almost
indifferent to intensification of magnetic field. This finding is of prac-
tical significance as many real microreactors have thick-walls [6] and
hence, ignoring the wall in their thermal analysis can lead to erroneous
results.
Fig. 5c and d show that increases in the heat flux ratio (as defined in
Table 1) can have opposite effects on the Nusselt numbers on the
bottom and top walls of the microreactor. Heat flux ratio is essentially
the ratio of the surface heat release that enters the porous region from
the top and bottom catalytic surfaces (see Fig. 1 and Table 1). A value of
0.5 indicates similarity of the heat release on the two catalytic surfaces,
while values between 0.5 and 1 imply stronger heat release on the top
Fig. 5. Nusselt Number against wall thickness, Y1. a) and b) varying magnetic interaction parameter,Md, for the lower and upper wall, respectively. c) and d) varying
heat flux ratio, Q, for the lower and upper wall, respectively.
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surface and those between 0 and 0.5 mean more heat release on the
bottom surface. Figs. 5c and d show that by increasing the surface heat
release on the top surface the Nusselt number of the bottom surface
decreases considerably, while that of the top surface increases. The
physics of this behaviour can be explained as follows. A stronger surface
heat release on the top surface establishes a transversal conduction of
heat between the two catalytic surfaces mainly through the solid phase
of the porous medium. Such conduction of heat from the top to bottom
surface diminishes the transversal temperature gradient around the
bottom surface where a smaller heat flux is dissipated. This results in
reduction of the heat transfer coefficient on the bottom surface of the
microchannel. In the same way, strengthening the transversal tem-
perature gradient on the top wall magnifies the rate of heat transfer and
enhances the value of Nusselt number.
The responses of Nusselt number to varying the value of radiation
parameter are shown in Fig. 6. It is clear from this figures that radiation
affects the top and bottom walls differently. As of Fig. 5, this is due to
the asymmetry of surface heat release. In general, for the wall with
stronger surface heat release (top wall in Fig. 6) increases in thermal
radiation parameter enhances the value of Nusselt number sig-
nificantly. An explanation for this trend could be offered by recalling
that in the current setting radiation is an added conductivity. Increases
in the radiation parameter effectively increases the conductivity of
porous medium and it therefore intensifies the processes explained in
the discussions regarding Fig. 5. Previous works on the influences of
radiation in microreactors with homogeneous exothermic reactions
showed that increases in thermal radiation causes a uniform increase in
Nusselt number [23]. However, Fig. 6 implies that this is no longer the
case in microreactors with dissimilar surface reactions. Interestingly,
Fig. 6c shows that in the case of similar surface reactions (Q = 0.5) the
behaviour of microreactors with homogenous reactions are retrieved.
Fig. 6 further shows that the intensity of magnetic field and the heat
flux ratio (Q, as defined in the nomenclature) can majorly influence the
value of Nusselt number. Once again, the trend of variation is different
on the walls with higher and lower surface heat release.
The developed analytical solution in Section 2 for mass transport,
Fig. 6. Nusselt Number against radiation parameter, Rd. a) and b) show varying magnetic interaction parameter, Md, for the lower and upper wall, respectively. c)
and d) heat flux ratio, Q, for the lower and upper wall, respectively.
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provides a two-dimensional view of the concentration field. None-
theless, for the reasons of brevity the concentration fields are not shown
here and instead Sherwood number is discussed. Fig. 7 shows that the
microreactor wall thickness affects Sherwood number in an analogous
way to its influence upon Nusselt number. This is due to the wall
thermal effects, which manifest themselves in Sherwood number
through thermal diffusion of mass (see the advective-diffusive Eq. (7)).
It is important to note that although there is a qualitative similarity
between Figs. 7 and 5, the extent of changes in Nusselt number with Y1
is significantly larger than that of Sherwood number. This is to be ex-
pected, as heat transfer introduces a secondary effect upon mass
transfer while the Fickian diffusion of mass remains insensitive to wall
thickness. In keeping with this argument, Figs. 7b shows that magnetic
effects can only slightly enhance the rate of mass transfer. Once again,
this is related to enhancement/suppression of heat transfer, which then
affect the transfer of mass through Soret effect.
Fig. 7a shows the influences of Casson fluid parameter upon Sher-
wood number. Lower values of Casson fluid parameter indicate devia-
tion from Newtonian fluid behaviour. This, in turn, affects the advec-
tion of mass and thus influences Sherwood number. Fig. 7a shows that
Sherwood number is maximised at high values of Casson fluid corre-
sponding to Newtonian fluid. This implies that non-Newtonian prop-
erties of the fluid tend to suppress the mass transfer process. More
viscous nature of Casson fluid hinders the advection of mass and
therefore reduces the mass transfer coefficient and Sherwood number.
Also, although not shown here, decreases in Casson fluid parameter
slightly reduces the rate of heat transfer and thus decreases Sherwood
number through thermal diffusion effects. This explains the observed
dependency of Sherwood number on the wall thickness in Fig. 7a.
Fig. 7c further indicates that asymmetry of surface heat release and
thermal radiation slightly enhance Sherwood number, while the influ-
ences of thermal radiation are quite small. The secondary heat transfer
Fig. 7. Sherwood Number against wall thickness, Y1. a), b), c), and d) varying Casson fluid parameter, β, magnetic interaction parameter, Md, heat flux ratio, Q, and
radiation parameter, Rd, respectively.
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effects upon mass transfer are the reason for the observed trends in
these two figures.
Fig. 8 explores the effects of radiation parameter on Sherwood
number. It is observed that Sherwood number is generally rather in-
sensitive to the intensity of thermal radiation. Nonetheless, a small
dependency between the two exists at low values of radiation para-
meter in which Sherwood number slightly drops by increases in the
value of radiation parameter (see Figs. 8a and b). Fig. 8c, however,
shows that strong asymmetry of surface heat release can totally change
this trend. According to this figure, depending on the value of heat flux
ratio, thermal radiation can either enhance or suppress Sherwood
number. Further, Fig. 8a shows that, as already discussed, lowering the
value of Casson parameter results in the suppression of Sherwood
number. However, upon capturing the Newtonian fluid properties at
higher values of Casson fluid parameter, Sherwood number becomes
indifferent to Casson fluid parameter. Also, Figs. 8b and d, once again,
depict the enhancement of mass transfer by intensifying the magnetic
field and making the walls thinner.
As a closing remark, it is noted that in the current analysis the as-
sumed zeroth-order catalytic reaction decouples the catalyst from mass
transfer process. However, in the case of higher order reactions the
catalytic activity is influenced by mass transfer and thus the trends
discussed in Figs. 7 and 8 can affect the reactions and surface heat re-
lease. Yet, it was shown that modification of heat release could influ-
ence heat and mass transfer. This indicates that in this problem there is
a possibility for the existence of sophisticated transport-chemistry in-
teractions that are still unexplored.
3.3. Thermodynamic irreversibilities
The total entropy generation calculated by Eq. (47) is shown in
Fig. 9. This figure indicates that, in general, thickening of the walls of
microreactor and suppression of thermal radiation result in an increase
in the entropy generation. This is to be expected as both effects hinder
heat transfer processes and thus strengthen the temperature gradients
in the system, which then contribute strongly with entropy generation.
Fig. 8. Sherwood Number against radiation parameter, Rd. a), b), c), and d) varying Casson fluid parameter, β, magnetic interaction parameter,Md, heat flux ratio, Q,
and wall thickness, Y1, respectively.
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Further, increases in Casson fluid parameter appears to be influential on
the total entropy generation of the system with its lower values tending
to increase the irreversibility (see Fig. 9a). As already discussed, lower
values of Casson fluid are associated with more viscous and less heat
transferring flow. These contribute with the frictional and thermal ir-
reversibilities of the system and hence increase the total entropy gen-
eration. Further, Fig. 9b indicates that Damköhler number can con-
siderably affect the total irreversibilities of the problem. This is an
expected result as the rate of reaction and mass diffusivities are
amongst the key parameters dominating the process of mass transfer
and thus its associate irreversibility. Figs. 9c and 9d imply that the ef-
fects of heat flux ratio and intensity of magnetic field on the total en-
tropy generation are quite small (note the scale in these two figures).
Figs. 10 and 11 provide the spatial distribution of entropy genera-
tion by different sources of irreversibly and depict the distribution of
total entropy generation with the porous medium (that is the total
entropy generation within the system minus the irreversibility in the
reactor walls). Fig. 10 shows that entropy generation by fluid friction is
mostly generated in the vicinity of the walls where there is a strong
shear dispersion of the flow. There is also an area with large frictional
irreversibility along the centreline of the microchannel in which fluid
velocity is maximum. In a channel flow this corresponds to a region
with considerable velocity gradient and thus frictional losses [48,50].
Fig. 11 illustrates the effects of the intensity of magnetic field on the
entropy generation field. Intensification of magnetic field mostly in-
fluences the central region of the microchannel and reduces the irre-
versibility of that area. This could be due to the flow retardation effect
of the magnetic field. It is well-demonstrated that magnetic field de-
celerates the fluid flow and suppresses development of high velocity
regions of the flow. It, therefore, cancels out formation of strong velo-
city gradients and reduces entropy generation. At the same time,
strengthening of the magnetic field improves the rate of heat transfer
and hence smears out the temperature gradients and suppresses the
thermal entropy generation. The general behaviour of total entropy
generation in the porous medium shown in Figs. 10 and 11 is consistent
with those discussed for non-exothermic catalytic microreactors [44]. It
has been shown that the total entropy generation in catalytic micro-
reactors is dominated by mass transfer [44]. This appeared to remain
valid in exothermic catalytic microreactors with reasonable values of
surface heat release. Since it was already shown that heat transfer only
Fig. 9. Total Entropy against wall thickness, Y1, (Top row) and Radiation parameter, Rd, (Bottom row). a), b), c), and d) varying Casson fluid parameter, β,
Damköhler number, Dn, magnetic interaction parameter, Md, and heat flux ratio, Q.
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moderately affects mass transfer, the reader is referred to the discussion
in Refs [14,44]. about the distribution of total entropy generation.
4. Conclusions
The problem of surface heat release on the internal walls of a mi-
croreactor, filled by a porous medium, was tackled analytically.
Previous studies have shown that the porous medium in such config-
uration is far from local thermal equilibrium and thus a non-equili-
brium approach is needed for modelling the transport processes.
However, none of the conventional porous-solid interface models could
be used in this case. To address this issue, a novel porous-solid interface
model was developed in the current work. This was an extension to the
recent work of the authors [14] by including the effects of thermal
radiation in the interface model. The new model was then used in a
two-dimensional analytical study of porous catalytic microreactors with
magnetic and non-Newtonian fluid effects. Such configuration is a
simplified representations of magnetic biofuel micro-reformers and
other magnetic, porous catalytic microreactors. The theoretical work
was validated through a rigorous and systematic reduction of the de-
rived expressions to the existing solutions developed for simpler con-
figurations.
The key physical findings of this work can be summarised as fol-
lows.
• Asymmetry in catalytic surface heat release could affect Nusselt and
Sherwood number significantly.• Magnetic field and thermal radiation could either increase or de-
crease Nusselt number depending upon the asymmetry of surface
heat release.
Fig. 10. Local Entropy contours with varying values for the Casson fluid parameter, β, at a wall thickness of 0.2. a), c), and e) show the local entropy field for NFFwith
β equal to 0.1, 1 and 1000, respectively. b), d), and f) show the local entropy field for Npm with β equal to 0.1, 1 and 1000, respectively.
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• In the thick wall limit ( <Y 0.51 ), the thermal response of micro-
reactor is dominated by heat conduction and hence magnetic field
has little effect on heat transfer.• Asymmetry of surface heat release results in strengthening of
transversal temperature gradients around the more exothermic
surface, while it reduces the gradient on the less exothermic surface.
This enhances the rate of heat transfer on the surface with stronger
catalytic heat release and suppresses that on the surface with less
heat release.• The total entropy generation within the microreactor was found to
be strongly influenced by the thickness of the wall. In general,
thicker walls significantly intensify the generation of entropy.• Amongst all investigated parameters, Damköhler number was found
to have the strongest effects upon generation of entropy, indicating
the dominance of irreversibility by mass transfer.
• Intensification of Casson fluid characteristic of the flow (decreasing
Casson fluid parameter) reduces Sherwood number and total en-
tropy generation within the microreactor.
The results imply that in the case of higher order kinetics, there
could be complex two-way interactions between catalytic heat release
and transport processes. This remains as an interesting research avenue
to be explored in future. It is, finally, imperative to recall that the de-
veloped interface model can be used in both theoretical and numerical
analyses of micro and macro catalytic chemical reactors.
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Fig. 11. Local Entropy contours with varying values of magnetic field intensity, Md, at a wall thickness of 0.2. a), c), and e) show the local entropy contours for Nmg
with Md equal to 0, 25 and 50, respectively. b), d) and f) show the local entropy field for Npm with Md equal to 0, 25 and 50, respectively.
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Appendix A. Closed Form Constants
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Appendix B. Validation
The mathematical model presented in this work is validated against the analytical solution of Ting et al. [11] and Hunt et al. [14]. As the
magnetic parameter, magnetic field angle and the volumetric source term approach zero and the Casson fluid parameter tends to infinity, the model
can be compared to that in Hunt et al. [14] without viscous dissipation. To produce a model equivalent to that analysed in Hunt et al. [14], all Casson
fluid terms are either set to 0 or infinity and the volumetric source term is also eliminated. This reduces the momentum and heat transfer equations to
that shown below.
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Using the new momentum and heat transfer equations, Eq.17 becomes:
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The new dimensionless temperature ODE’s become:+ =Q Q SY Qcosh( ) 0nf nf1 3 4 (B3a)+ =Q Q SY Qcosh[ ( ) ] 0s s1 6 4 (B3b)= + + + +Y E SY E Y E Y E Y Ecosh cosh( ) ( ) ( )nf 4 5 6 2 7 8 <Y Y Y11 (B4a)= + + + +Y E SY E Y E Y E Y Ecosh cosh( ) ( ) ( )s 10 11 6 2 7 12 <Y Y Y11 (B4b)= Q1 (B4c)
= =d nfdX k Y PrRe
¯
1
1
(B5)
= + + + + +X Y E SY E Y E Y E Y E Xcosh cosh( , ) ( ) ( )nf 4 5 6 2 7 8 <Y Y Y11 (B6a)= + + + + +X Y E SY E Y E Y E Y E Xcosh cosh( , ) ( ) ( )s 10 11 6 2 7 12 <Y Y Y11 (B6b)
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= = + + +E E,Q
S Q S
D S E k SY D E k Y
k
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1
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2
4 ) ( 1) ( 4 2 6 )] ( 1)
2
(B11a,b)
= = = + +E E E E SY E Y E Y E Ycosh cosh, , [ ( ) ( ) ]Q
Q
w
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4
2 1
7
2
2 1 8 4 1 5 1 6 1
2
7 1
(B11c,d,e)
= = +E E,Q
S Q S
S E SY E Ycosh sech
10
6
4
1
2 11
[( 2 10) ( 1) 2 6] ( 1)
2
(B11f,g)
= + + +E E SY E Y E Y E Ycosh cosh[ ( ) ( ) ]12 10 1 11 1 6 12 7 1 (B117h)
where = + + ++ Q sinh SY SkE SE sinh Y kE E Y kE E[ ( )[ ] ( )[ ] [2 2 ]]w Y k2 2 11 1 4 10 1 5 11 1 6 6 (B11i)
It follows that Eq. (B6a), (B6b) and Eq. (B8) are identical to the nanofluid and porous solid and thick-walls thermal equations in Ting et al. [11]
and Hunt et al. [14] with the heat generation by viscous dissipation equal to 0.
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